We show that the proper inclusion of soft reparameterization modes in the Sachdev-Ye-Kitaev model of N randomly interacting Majorana fermions reduces its long-time behavior to that of Liouville quantum mechanics. As a result, all zero temperature correlation functions decay with the universal exponent ∝ τ −3/2 for times larger than the inverse single particle level spacing τ N ln N. In the particular case of the single particle Green function this behavior is manifestation of the zero-bias anomaly, or scaling in energy as
Introduction and the model
The Sachdev-Ye-Kitaev (SYK) model [1, 2] is a system of N Majorana fermions, χ j , j = 1, . . . , N, subject to a four-fermion interaction,
where the coupling constants, J i jkl , are independent Gaussian random variables distributed as
This seemingly innocent model has recently been recognized [2, 3, 4] as a possible shadow of a two-dimensional gravitational bulk and the ensuing perspective to explore a holographic correspondence of lowest possible dimension in concrete terms. The holographic principle as much as all other relevant features of the system are rooted in its exceptionally high level of symmetries. When formulated in the language of a (0+1)-dimensional 'field theory' the system shows approximate symmetry under reparameterization of time χ j (τ) → χ j ( f (τ)). In the limit of asymptotically slow time variations (compared to the characteristic interaction strengths J) that symmetry becomes exact. The infinite dimensional group of time reparameterizations is generated by a Virasoro algebra and for this reason the theory has been dubbed a 'nearly conformally invariant' (NCFT) theory, and the emerging holographic principle an NAdS 2 /NCFT 1 correspondence.
Thanks to the presence of the large parameter N and the 'infinite rangedness' of the interaction the path integral over Majorana configurations can be processed by stationary phase methods. It turns out that the mean field, physically equivalent to a self-consistent approximation for an interaction self-energy, spontaneously breaks the conformal symmetry down to the three-dimensional group SL(2, R) of conformal transformations in one dimension. This sets the stage for the emergence of an infinite dimensional manifold of Goldstone modes described by reparameterization of time, τ → f (τ), modulo ordinary conformal invariance. The fluctuations of these modes are damped by explicitly symmetry breaking time derivatives which enter the theory in combinations ∼ ∂ τ /J and play a role comparable to that of an external magnetic field in a ferromagnet. Due to the low dimensionality of the model all time-dependent correlation functions must be qualitatively affected by these fluctuations in the long time limit, where the breaking of symmetry becomes weak. In particular one should expect the mean-field amplitudes of all observables (such as e.g. Green functions) to be qualitatively changed at low frequencies, i.e. in the limit where the Mermin-Wagner theorem enforces a restoration of the full symmetry via proliferating Goldstone mode fluctuations.
Previous work [4] took a step towards an effective action S [ f (τ)] for the reparameterization Goldstone modes and studied their effects to lowest (quadratic) order in perturbation theory. While this is sufficient to describe short time correlations, a different treatment is required in the infrared regime. In this paper we point out that the action S [ f ] can be mapped onto the action of the Liouville quantum mechanics, i.e. quantum mechanics in an exponential potential [5, 6, 7] . This reformulation sets the stage for the treatment of the correlation functions in fluctuation dominated long time regime. We will show that at long times, τJ > N ln N, all correlation functions crossover to qualitatively different power laws. The ensuing long time asymptotics imply the vanishing of the mean-field two-point function at low frequencies. Where the four point function is concerned they represent operator correlations beyond those perturbatively (diagrammatically) described previously. Finally, the equivalence of the low frequency problem to Liouville quantum mechanics implies [8, 9] that two-time correlation functions O(τ)O(τ ) ∼ |τ − τ | −3/2 of arbitrary operators must decay with a universal 3/2-power law at large times. It stands to reason that this type of universality must reflect in the manifestations of a holographic correspondence in the infrared. However, the discussion of such correspondences is beyond the scope of the present paper and may become a subject of future work.
Preliminaries
To proceed with the model defined by Eqs. (1) and (2), we introduce replicas, labeled as a = 1, 2, . . . , n, and average over {J i jkl } to find:
where
The field G ab τ,τ may be made dynamical by inserting unity in the partition function as
2
The Majoranas are now decoupled from each other and may be integrated out leading to the
As a result, N enters the action as a large parameter,
This is justification to focus on saddle point configurations which are described by the selfconsistent Dyson equations [1]
The first equation here is a matrix equation while in the second the cube operation acts on each matrix element separately, i.e.
[G] 3 ≡ {G 3 τ,τ }. These equations may be solved in the long time limit τ − τ 1/J, where ∂ τ may be neglected. The resulting replica diagonal solution acquires the scale-invariant form:
where b = (4π) −1/4 , or
in the energy representation (we work at T → 0.) The proportionality Σ ∼ | J| 1/2 indeed justifies omission of ∂ τ → −i in the trace of the logarithm, as long as J. We next turn to the discussion of fluctuations around the above mean field configuration. As with other models containing quenched randomness, one might expect soft fluctuations away from the replica-diagonal configurations ∝ δ ab . However such fluctuations appear to play a lesser role, an observation corroborated by the absence of significant mesoscopic fluctuations in the model. Indeed, our numerics shows that correlation functions in any single realization are essentially self-averaging which suggests that the replica index does not play a role, at least for energies larger than the inverse of the many body level spacing, J 2 −N/2 . We will ignore the replica structure of the theory throughout.
However, there exists a second class of fluctuations which is of high relevance to the description of correlation functions for energies in the much larger range 2 −N/2 J 1/N ln N. As has been realized in Refs. [2, 3, 4] , Eq. (8) is but one representative of a whole manifold of solutions of Eqs. (7) in the limit ∂ τ → 0. This manifold is obtained by reparameterizations of time as τ → f (τ) where f (τ) is an arbitrary monotonic differentiable function. It is straightforward to verify that the ∂ τ → 0 saddle point equations (7) are invariant under the transformation
Reparameterization transformations f (τ) are generated by the infinite dimensional Virasoro algebra. One may verify that the saddle points remain invariant under the finite dimensional group of conformal transformations SL(2, R), i.e. in effect we are met with an infinite dimensional Goldstone mode manifold of reparameterizations modulo the unbroken SL(2, R)-transformations. 3
This observation dictates the subsequent strategy for the computation of correlation functions in the long time limit: (i) one has to perform a Gaussian integration over massive fluctuations of the fields G and Σ, i.e. modes different from those described by Eqs. (10), (11) . This was essentially accomplished in Ref. [4] . ( ii) The resulting expressions should be reparametrized with τ → f (τ) and the rules of Eqs. (10), (11) and (iii) averaged over all realizations of f (τ). Since these latter fluctuations are soft, the corresponding functional integration should be performed exactly rather than in a Gaussian approximation. We will show that this program leads to the emergence of Liouville quantum mechanics in the picture and in the consequence to universal ∝ τ −3/2 scaling of all long-time correlation functions. To perform the crucial third step of the program we need to know the effective theory governing the reparameterization modes. An effective action for the f -modes was recently proposed by Maldacena, Stanford, and Yang [4, 10] . In the next section we extend this construction by deriving a generalized form of the action and the corresponding integration measure, and by introducing a variable transform which will be instrumental to all further calculations. In Sec. 4 we apply the theory to the non-perturbative calculation of the two-point Green function and in Sec. 5 to that of the four-point function.
Soft mode action
In the conformal limit, where one neglects ∂ τ , the action is invariant under the transformation (10) . A finite action cost of the f (τ)-fluctuations follows from an expansion of Tr[log(∂ τ + Σ) − log(Σ)] = Tr log(1 − ∂ τ G) in powers of ∂ τ , where the leading approximation Σ −1 = −G has been used. The first non-vanishing term is of second order in derivatives, and one obtains
This action is inherently non-local. As we show in Appendix A one may pass to the variable t = f (τ) and performing a Fourier transformation to obtain a non-analytic kernel of the form ω 2 log(J/|ω|). Its logarithmic dependence is a consequence of the slow decay
of the bare correlation functions at large time, cf. Eq. (8). As we shall see below, the actual twopoint propagator decays as |τ − τ | −3/2 beyond a certain time scale. This means that the logarithm is to be cut at a frequency scale, ∆, which will be self-consistently determined below. The kernel regularized in this way is analytic, ∼ ω 2 log(J/∆), and is local in time. The corresponding softmode action
has recently been suggested by Maldacena & Stanford [4] , albeit possibly with a different coefficient M. Emphasizing its unbroken SL(2, R)-symmetry they wrote it in the form of a Schwarzian derivative 1 , S ∝ − dτ{ f, τ}. However, one should keep in mind that the actual SL(2, R)-invariant soft mode action Eq. (12) is intrinsically non-local. The distinction becomes more substantial for models with generic q-body interactions [4] (in our case q = 4) for which the denominator in Eq. (12) acquires the form | f (τ) − f (τ )| 2+4/q , or ∼ |ω| 1+4/q . This kernel is essentially non-local and it is not clear if it can be brought into a time-local form. In praticular, for 1 The Schwarzian derivative is defined as
q → ∞ [4] one obtains the purely dissipative Caldeira-Leggett kernel |ω| which at sufficiently strong coupling [11, 12] completely suppresses all quantum coherence. However, for the model presently under consideration, i.e. q = 4, the local approximation to the action seems appropriate.
The specific dependence of the action on ratios of time derivatives of f suggests the variable transform
which is well defined due to the assumed temporal monoticity of f (τ). Expressed in terms of the φ-variables, the soft mode action becomes quadratic,
We observe that one of the basic SL(2, R)-transformations -rescaling of time, f (τ) → α f (τ) -translates to a shift of the φ-field, φ → φ + ln α. The action (15) is manifestly invariant under this transformation.
The integration over soft modes amounts to a functional integral over f (τ) or equivalently over φ(τ) with effective action Eqs. (13) or (15), respectively. To complete the description of the procedure we need to specify the corresponding integration measures. We show in Appendix B that in the φ-representation the measure is flat and therefore this choice of variables is particularly convenient.
Two-point Green function
We are now in a position to average the two-point Green function (10) over soft mode fluctuations. To this end we substitute the reparameterization Eq. (14) in Eq. (10) and integrate over φ with the weight (15) and the flat measure. This leads to
where we used the identity
and the global sign accounts for the factor sgn(τ − τ ). Interpreting this expression as an (imaginary time) path integral, the Green function becomes an expectation value e 1 4 φ(τ) e 1 4 φ(τ ) taken in a time dependent variant of Euclidean quantum mechanics, i.e. the quantum mechanics of a point particle with αe φ potential. The problem is time-dependent in that the potential is switched on only during the time window [τ , τ], i.e. we are dealing with some kind of quantum quench. We note that previous applications of Liouville 5 quantum mechanics to random systems include the description of Dirac fermions in a disorder potential [9, 13] . Incidentally, it may also be considered as the one-dimensional limit of twodimensional Liouville field theory, where the latter plays an important role in two-dimensional holographic contexts [5] .
Switching from the path integral language to a spectral decomposition in terms of quantum mechanical wave functions we obtain
where |0 = const is the groundstate before (or after) the Liouville potential αe φ is switched on (or off), and φ|k = Ψ k (φ) is an eigenfunction of the corresponding Schrödinger equation
with the eigenvalue E k . It has a continuous spectrum labeled by a quantum number k > 0, such that E k = k 2 /2M and
where K 2ik (x) is a modified Bessel function. The normalization factor N k is chosen such that at φ → −∞ the state becomes a standing wave normalized according to k|k = 2π δ(k − k ). Using these results, the matrix elements in (18) become
Notice that v = ln α represents a constant shift of the φ-field -one of the global SL(2, R) transformations -which actually should be excluded from the slow mode integration. Within the quantum mechanical framework its redundancy shows in that it factors out of the matrix elements and enters as a formally divergent factor ∞ 0 dα/α = dv. Much as in a theory with gauge symmetries, this formally infinite constant should be ignored, or equivalently α locked by a 'gauge fixing convention'. This way we arrive at
where the spectral density takes the form
The latter is normalized such that M 2 (k) → 1 for k 1. For short times |τ| M, where large values of k dominantly contribute to the integral, we therefore obtain G(τ) ∼ |τ| of M. This is but the familiar scale-invariant Green function, Eq. (8), with the same numerical prefactor. In the opposite limit,
at τ M. In the energy representation this reads
As a result the | | −1/2 scaling of the single-particle density of states (DoS) at large energies crosses over to a | | 1/2 suppression at small energy. This behavior is reminiscent to the so-called zero-bias anomaly known in the theory of interacting fermions in presence of the random potential [14, 15, 16] . It may also be understood as a manifestation of the Mermin-Wagner theorem which requires that the breaking of a continuous (reparameterization) symmetry by the Green function mean field amplitude be reversed in the limit where the explicit symmetry breaking (∂ t ∼ ) vanishes.
The energy dependence of the two-point Green function in the crossover region can be obtained from the full spectral representation
The result is shown in Fig. 1 together with the Matsubara Green function of an N = 24 system obtained from the Lehmann representation by exact diagonalization. The latter was constructed for a fixed realization of the disorder and the apparent absence of stochastic fluctuations underpins the irrelevancy of sample-to-sample fluctuations. For small energies, the Green function vanishes, although the agreement with the analytical scaling 1/2 is not perfect. The reason is that the behavior of the Green function at the smallest energies is influenced by the finite manybody level spacing whose resolution is beyond the scope of the present theory. For N = 24, the energy range between the many-body level spacing, ∼ e −N/2 , and the one-body energy scale, ∼ M −1 ≈ 1/N log N, is not wide enough to clearly resolve the predicted exponent 1/2 .
Four-point function
We turn now to the four-point function defined as
where the angular brackets denote quantum averaging over both massive and soft fluctuations of the G and Σ field. The results obtained for this function sensitively depend on the chronological order of the time arguments. It turns out that for τ 2,3 < τ 1, 4 it is sufficient to disregard the massive modes, which generally lead to contributions of O(1/N). To start with, we consider temporal arguments of this ordering and neglect the massive modes. This will be sufficient to calculate, e.g., the polarization operator G τ,τ G τ ,τ , which enters the soft mode action (12) , and thus determines M. The complementary regime τ 1,2 < τ 3,4 in which massive modes play a crucial role will be considered later. The soft modes dress the bare Green functions G τ 1 ,τ 2 and G τ 3 ,τ 4 according to Eq. (10). Once more we employ Eq. (17) to elevate the denominators to an effective action and find
, (26) where we assumed τ 1 > τ 2 & τ 3 < τ 4 . This is again an expectation value of four time ordered operators e 1 4 φ taken in the quantum ground state of a system with time-dependent potential αe φ for τ ∈ [τ 2 , τ 1 ] and βe φ for τ ∈ [τ 3 , τ 4 ]. All subsequent calculations crucially depend on the ordering of the four times. We consider two distinct configurations:
5.1. Time ordering: τ 2 , τ 3 < τ 1 , τ 4 To be specific, let us first take the ordering τ 2 < τ 3 < τ 1 < τ 4 . The corresponding four-point function (25) averaged over the soft modes acquires the form
where the state
with σ = α, β, (α + β). Computing the matrix elements as integrals in the φ-representation and applying a shift of integration variables φ → φ+ln α and φ → φ+ln β in the first two and last two, respectively, one notices that the matrix elements depend only u = ln(α/β). The complementary variable v = ln(αβ) drops out and enters as a multiplicative and formally divergent integral dv. This is again a manifestation of the unbroken SL(2, R) invariance, i.e. the integral should be ignored. All remaining integrals, including du, are convergent and may be, in principle, evaluated. The resulting expressions are tedious and not really illuminating.
The situation simplifies if we set τ 2 = 0 − ; τ 3 = 0 + and τ 1 = τ − ; τ 4 = τ + to effectively consider a time ordered correlation function ∼ (χ i χ j )(0) (χ i χ j )(τ) . In this case the corresponding propagators, e.g. k σ |k σ k σ | = 1, where σ = α, β, and the four-point function simplifies to
8 where in the last expression we performed the shift φ → φ + ln(α + β) so that the remaining matrix elements do not contain α and β and |k ≡ N k K 2ik (2e φ/2 ). As mentioned above
where u = ln(α/β) and v = ln(αβ), is a spurious factor due to the redundant integration over a global rescaling of time. The remaining sum k . . . in Eq. (29) is the Liouville quantum mechanics expectation value of e 
For
This is nothing but the disconnected part of the polarization operator, G τ,0 G 0,τ = G τ,0 G 0,τ , valid for τ M, which allows to restore proper normalization in Eq. (31). This factorization breaks down at τ > M. Indeed, we saw in the previous section that at long times G 2 (τ) ∝ |τ| −3 . However the polarization operator (31) exhibits much slower decay. Noticing that
The structure of the expressions above implies that any 2p-point correlation function with 2p times grouped into two clusters separated by a time τ reduces to
where the spectral function
generalizes our previous results for p = 1, 2. We observe that if
On the other hand, the small k 1 behavior of the matrix elements is universal M 2p (k) ∝ k 2 . As a result, we arrive at the universal long time decay of the connected correlation functions:
Similar universality was found [8, 9] within the context of Dirac fermions in a random potential. There, the wave-function moments: n |ψ n (0)ψ n (x)| p was found to decay as x −3/2 independent on the index p. This behavior was attributed to the influence of tails of the probability distribution functions, which emphasize rare atypical realizations of the disorder, on the moments of wave functions. In our case the correlations functions are self-averaging vis-a-vis disorder realizations. It is thus large quantum fluctuations, described by soft reparametrization modes, which lead to the universal behavior (34).
We are now in a position to fix the constant M in the soft-mode action (13) . The logarithmic singularity of the kernel at small frequency originates in the slow decay of the bare polarization 9
operator G τ,0 G 0,τ ∝ 1/|τ|. However, if one uses the full connected polarization operator G τ,0 G 0,τ to derive the action, the logarithmic singularity is cut of at τ ≈ M, beyond which it decays as |τ| −3/2 . As a result, the constant in the action (13) is determined by the self-consistent equation
which we resolved here with logarithmic accuracy. Hence one finds that the effective single particle mean-level spacing ∆ at small energy is reduced in comparison with the naive expectation J/N and is actually given by ∆ ∼ J/(N log N). This is due to the fact that the bare single-particle DoS is enhanced at small energy.
Time ordering
Finally we briefly comment on an alternative time-ordering arrangement in the correlation function. In this case, the massive modes (completely disregarded above) are of vital importance to the description of the connected part of the correlation function. We begin by showing that at the above time configuration the pure soft mode action incorrectly predicts a decoupling of the four-point correlation function (25) into a product of two two-point functions. The underlying reason is that the Liouville potentials αe φ and βe φ are switched on during the time windows τ ∈ [τ 1 , τ 2 ] and τ ∈ [τ 3 , τ 4 ] correspondingly, while for τ ∈ [τ 2 , τ 3 ] they are off. The eigenstates in that time window are simple plane waves |q = e iqφ and this leads to the expression, cf. Eq. (27),
where the wave-functions |k σ , σ = α, β are given by Eq. (28). Proceeding as before we perform shifts φ → φ + ln σ in the matrix elements to arrive at
where α, β appear only in the integral
Here, v = ln(αβ) and u = ln(α/β), as before, and the spurious dv integral should again be omitted. However, the emergence of the factor δ(q) is new and remarkable. It enforces that in the time window τ ∈ [τ 2 , τ 3 ] only the ground-state |0 of the free (i.e. no Liouville potential) quantum mechanics is engaged. The result is an exact reduction of Eq. (37) to the product of two two-point Green functions (18). That is, if only soft-modes are taken into account, irreducible four-point correlations are absent,
Correlations are generated by the massive modes of the theory. The latter were considered in great detail in Refs. [3, 4] . These works showed the inclusion of massive modes in the fluctuations of the fields Σ and G governed by the action (6) is equivalent to the summation of the ladder diagrams. As a result, one obtains the 1/N correction to the four-point Green function
where χ = τ 12 τ 34 /τ 13 τ 24 is the conformal ratio. The function F (χ) stems from the inversion of the Gaussian part of the action (6), which is equivalent to a summation of ladder diagrams. The presence of soft modes renders the function F nominally divergent, however [4] that divergence may be separated from the regular massive mode contribution, which under the assumed hierarchy of time scales τ 12 , τ 34 τ 13 , τ 24 or, χ 1, may be expanded as F reg (χ) ∝ χ 4 + O(χ 5 ) (see Eq. (3.90) of Ref. [4] ). Instead of aiming to regularize superficially singular soft mode contributions by the ∂ τ term in the action [4] , we here follow our master strategy, apply the reparametrization transformation τ → f (τ) to the regular result of the massive mode integration and integrate the f -degrees of freedom exactly using the Liouville quantum mechanics.
In the following we show that this procedure leads produces a correlation contribution to the four point function which for τ 24 τ 13 scales as N −1 |τ 13 | −3/2 . This means that even for the different clustering of time arguments the universal long-time |τ| −3/2 law ensues, although it now comes with a small N −1 prefactor. To show this, we use τ 12 , τ 34 τ 13 ≈ τ 24 to expand the reparameterized conformal ratio as
The irreducible part of the four-point function is proportional to χ[ f ] 4 , where the angular brackets stay for soft-mode averaging. This averaging is essentially equivalent to Eq. (32) with p = 16. As a result, it reduces to F reg (χ) at short times, while at long times we obtain τ −3/2 13 .
Conclusions
To summarize, we have shown that the disorder averaged actions describing the SYK model show structural similarity to an 'infinite dimensional' nonlinear sigma model: the infinite dimensional symmetry group featuring in the model gets spontaneously broken at mean field level and explicitly broken by time derivatives. The unbroken subgroup, SL(2, R), is finite-dimensional which leads to the appearance of an infinite dimensional manifold of Goldstone modes. Fluctuations of the latter are damped solely due to temporal variations, in a manner described by a nonlinear action which under certain assumptions affords reduction to the 'Schwarzian derivative' form (13) . Our main observation is that correlation functions computed in this theory can be understood as expectation values of Liouville quantum mechanics, where the bridge between the two theories is established by the nonlinear variable transform (14) . This connection has farreaching consequences. We apply it to demonstrate that Goldstone mode integrations -which are nominally divergent in the limit of slow fluctuations at any level of perturbation theory -lead to finite results when extended over the full manifold. Their integration leads to ultra-universal long time behavior τ −3/2 of arbitrary operator correlation functions. The consequences of these findings within the context of the holographic interpretation of the model remain to be fathomed.
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Appendix A.
Here we provide details of derivation of the action (12) . We start in the time domain where the 2nd-order term in the gradient expansion,
is formulated in terms of the reparameterized Green functions
containing the replica diagonal saddle point solution G 0 (τ) = −b sgn(τ)|Jτ| −1/2 . We then change the time-integration variables to t i = f (τ i ) to arrive at the equivalent representation
where we have defined a t ≡ [( f −1 ) (t)] −1/4 , and used the relation ( f −1 ) (t) f (τ) = 1 which holds as long as t = f (τ). Introducing the field b t = a 2 t , switching to center of mass coordinates s = 1 2 (t 1 + t 2 ), t = t 1 − t 2 , and integrating by parts, the above action can be cast into the simpler form 2 ,
At this stage it is advantageous to switch to the frequency domain: It will become clear shortly that the energy integral in the above 'polarization loop' is UV divergent, hence we need to introduce the high-energy cut-off Λ. The crucial observation here is that one should preserve the conformal invariance of the resulting action, meaning that Λ should be understood as a function of the 'slow' time s. The self-consistency of this procedure can be
